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Abstract 

If neutrino masses are obtained via the canonical seesaw mechanism, based on 
an underlying 2x2 mass matrix, unitarity violation of the neutrino mixing matrix 
is unavoidable, but its effect is extremely small. On the other hand, in the inverse 
(and linear) seesaw mechanisms, based on an underlying 3x3 mass matrix, it can be 
significant and possibly observable. This 3x3 matrix is examined in more detail, and a 
new variation (the lopsided seesaw) is proposed which has features of both mechanisms. 
A concrete example based on U(1)n is discussed. 



In the famous canonical seesaw mechanism, the standard model (SM) of particle inter- 
actions is implemented with a heavy singlet "right-handed" neutrino Nr per family, so that 
the otherwise massless left-handed neutrino Ul gets a mass from diagonalizing the 2x2 mass 
matrix spanning (vl,Nr): 
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with mixing between vl and Nr given by 

tanb 1 ! ~ ~ \/ \m v rriKf \. (3) 

Since ]Vr does not have gauge interactions, the 3x3 mixing matrix linking the 3 neutrinos to 
the 3 charged leptons cannot be exactly unitary. However, for m v ~ 1 eV and ~ 1 TeV, 
this violation of unitarity is of order 10~ 6 , which is much too small to be observed. Note 
that lepton-number conservation is recovered in the limit — ► oo. [If neutrinos obtain 
Majorana masses directly through a Higgs triplet, thus doing without Nr, then there is no 
violation of unitarity to begin with.] 

Consider now the idea of the inverse seesaw mechanism: a situation is established where 
m u = because of a symmetry, which is then broken by a small mass [l],[2l[3llH[5l[6l[7]. I n 
contrast to the canonical seesaw mechanism, lepton-number conservation is recovered here 
in the limit this small mass goes to zero. The prototype model is to add a singlet Dirac 
fermion N, i.e. both Nr and Nl, with lepton number L = 1 per family to the SM. The 3x3 
mass matrix spanning (ul, Nr, Nl) is then given by 
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where 6l,r are lepton-number violating Majorana mass terms. This is a natural extension of 
the famous seesaw 2x2 mass matrix of Eq. (1), but it also has a clear symmetry interpreta- 
tion, i.e. 6L t R may be naturally small because their absence would correspond to the exact 
conservation of lepton number. [A linear combination of Ul and Nl would combine with Nr 
to form a Dirac fermion, whereas its orthogonal combination would remain massless.] 

Using €l,r « m D ,m N , the smallest mass eigenvalue of Eq. (4) is then 



with mixing between vl and Nl given by 



Note first that the mixing between vl and Nr remains negligible, i.e. m^e^/m^ ~ m u /rriD- 
More importantly, note that mjy in Eq. (3) is replaced by in Eq. (6). This means that 
02 is not constrained in the same way as d\, and it can be bigger by orders of magnitude. 
For example, let m v ~ 1 eV and 6l ~ 10 keV, which is compatible with m£> ~ 10 GeV and 
rriN ~ 1 TeV, then the mixing is of order 10~ 2 . This dramatic change in possible unitarity 
violation means that it may be observable in future neutrino experiments [5J, M, EH Ell EES 
[T31 EU [151 EH] • If confirmed, it will be a big boost for the idea of the inverse seesaw. 

If v e or mixes significantly with singlets, then the effective Gp for \i — > ez/ M z/ e would have 
to be redefined, and many precision electroweak measurements would be affected. Thus only 
v T mixing is likely to be significant, affecting the unitarity of the third row of the neutrino 
mixing matrix linking v e ^ T to the mass eigenstates ^1,2,3- 

In Eq. (4), if €r = or relatively small, but e^, renamed rriL, is very large, with €r, ran « 
ruff/mi, then this is called the double seesaw. First, Nr gets a medium large Majorana mass 
from Np, i.e. —m 2 N /mL. For example, ~ 10 9 GeV, tul ~ 10 15 GeV, then this seesaw 
mass is ~ 1 TeV. Second, v L gets a small Majorana mass from Nr, i.e. m 2 D mL/rn 2 N . This 
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idea is often used in models of grand unification. In this case, the mixing between vl and Nr 
is the same as in the canonical seesaw, and that between vl and Nl is further suppressed. 



A more recent proposal [T7| is the linear seesaw, i.e. 

M v ,n = m D m N 
\ m 2 m N / 
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so that 
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However, since both Nr and Nl are singlets, they may be redefined by a rotation so that 
i7i2 = 0. Let 7712/ mo = tan. 9, and c = cos 9, s = sin 8, C2 = cos 29, S2 = sin 29, then 



(I 


0^ 


( 





c s 




\o 


—s c J 





( 

run m N 



(I \ / m D /c \ 



c -s 
\0 s c J 

which is the same as Eq. (4), resulting in 
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m u ~ (m 2 D /m 2 N )(-2m N m2/m D ) = -2m 2 m D /m N , 



(10) 



which is identical to Eq. (8) as expected. On the other hand, if there is a symmetry beyond 
that of the SM which enforces Eq. (7), then it may be considered on its own. 

There is however another interesting variation (the lopsided seesaw), which has not been 
discussed before. Let 6l,r be renamed ttil,r, i.e. 
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and do away with the notion of lepton number, then for 
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« m L « m N « m R , 
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the neutrino mass is again given by m u ~ —m 2 D /m R as in the canonical seesaw, and the 
mixing of vl and N R is again mo/mR, but now the mixing of vl and Nl is tjintud / ^ltur < 



m D /m N which can be significant. If mi is small enough, Ni should be considered a sterile 
neutrino. In that case, the violation of unitarity may show up also in the first two rows of 
the neutrino mixing matrix. As an example, let ~ 1 GeV, m R ~ 10 9 GeV, ~ 10 
GeV, ttil ~ 1 keV, then m u ~ 1 eV, and the mixing between vl and Nl is 10~ 2 . 

If mi = and m R is very large, it appears from Eq. (7) at first sight that there are two 
seesaw masses, i.e. —m 2 D /m R and —m 2 N /m R . However, since the determinant of A4 u ,n is 
zero in this case, the linear combination {m^VL — uidNl) / \Jm? N + m 2 D remains massless. If 
mi ^ 0, i.e. the seesaw is lopsided, then there is no zero eigenvalue. 

The neutrino mass matrices of Eqs. (4) and (7) are also very suited for gauge extensions of 
the SM, such as SU(3) c xSU(2) l xSU(2) r xU(1) B -l and SU(3) c xSU(2) L xU(l) Y xU(l) x , 
where U(l)x is orthogonal to U(l)y, an example of which is a linear combination of U(l) x 
and U(l)ip in E e models. As a concrete example, consider the lopsided seesaw and U(1)n of 
E 6 HH HH 1201 EH 122] - Under the maximum subgroup SU{3) C x SU(3) L x SU(3) R of E 6 , the 
charges of its fundamental 27 representation under U(l) n are given by Qn = 6Y L +T 3R — 9Y R . 
Hence (u,d),u c ,e c have Qtv = 1, (y, e),d c have Qn — 2, and N c has Qn = 0. To allow for 
quark and lepton masses, two Higgs scalar doublets 

$! = (0°, 0r) ~ (1, 2, -1/2, -3), $ 2 = (0+, 0?) ~ (1, 2, 1/2, -2) (13) 

under SU(3)c x SU(2)l x U(l)y x U(1)n are needed, with the Yukawa interactions 

(u$-d$> c , (d^-ufoX, (e0?-^)e c , M-e0+)iV c . (14) 

In the 27 of Eq, there is another fermion singlet S which has Qn = 5. Consider now the 
breaking of U(1)n by the Higgs scalars \i ~ — 5 and X2 ~ 10. The most general Higgs 
potential is given by 

V x = YsrfXiXi + \ X ij(xlxi){x j jXi) + 1^12X1X2 + H.c], (15) 
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where A i2 = A 2 i. Let (xi) = u i} then the conditions for V x to be at its minimum are 

«i[a«i + Ahw? + A12M2 + 2// 12 u 2 ] = 0, (16) 

M 2 [/i2 + Ai 2 «i + A 22 «2] + ^12^i = 0. (17) 

A natural solution exists [221 [2U such that u 2 « U\, i.e. 

,2 ,, „,2 
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If pti2 = 0, there would be an extra global U(l) symmetry in V x . Hence a small [Lyi is natural, 
and U2 « u\ may be maintained. The 3x3 mass matrix spanning (y, N c , S) is then of the 
form desired, with an invariant mass, coming from \i an d m L coming from \2- 

To summarize, it has been shown in this paper that a 3 x 3 realization of the seesaw 
mechanism has three distinguishable scenarios, resulting in the inverse (or linear) seesaw, 
the double seesaw, and the lopsided seesaw. The last is a new proposal and may naturally 
be implemented in the U{1)n extension of the SM. 

This work was supported in part by the U. S. Department of Energy under Grant No. DE- 
FG03-94ER40837. 

References 

[1] D. Wyler and L. Wolfenstein, Nucl. Phys. B218, 205 (1983). 

[2] R. N. Mohapatra and J. W. F. Valle, Phys. Rev. D34, 1642 (1986). 

[3] E. Ma, Phys. Lett. B191, 287 (1987). 

[4] M. C. Gonzalez-Garcia and J. W. F. Valle, Phys. Lett. B216, 360 (1989). 

[5] M. C. Gonzalez-Garcia, A. Santamaria, and J. W. F. Valle, Nucl. Phys. B342, 108 
(1990). 

[6] F. Deppisch and J. W. F. Valle, Phys. Rev. D72, 036001 (2005). 



[7] S. K. Kang and C. S. Kim, Phys. Lett. B646, 248 (2007). 

[8] V. Barger, S. Geer, and K. Whisnant, New J. Phys. 6, 135 (2004). 

[9] S. Antusch, C. Biggio, E. Fernandez-Martinez, M. B. Gavela, and J. Lopez-Pavon, JHEP 
0610, 084 (2006). 

[10] A. Yu. Smirnov and R. Zukanovich Funchal, Phys. Rev. D74, 013001 (2006). 
[11] Z.-Z. Xing and S. Zhou, Phys. Lett. B666, 166 (2008). 

[12] S. Antusch, J. P. Baumann, and E. Fernandez- Martinez, Nucl. Phys. B810, 369 (2009). 

[13] A. Atre, T. Han, S. Pascoli, and B.Zhang. larXiv:0901.3589l [hep-ph], 

[14] M. Malinsky, T. Ohlsson, and H. Zhang. larXTv:0903.1961l [hep-ph], 

[15] S. Antusch, M. Blennow, E. Fernandez- Martinez, and J. Lopez-Pavon, arXiv:0903.3986 
[hep-ph] . 

[16] W. Rodejohann, larXjyi0jMJ£90J [hep-ph]. 

[17] M. Malinsky, J. C. Romao, and J. W. F. Valle, Phys. Rev. Lett. 95, 161801 (2005). 

[18] E. Ma, Phys. Lett. B380, 286 (1996). 

[19] E. Keith and E. Ma, Phys. Rev. D54, 3587 (1996). 

[20] T. Hambye, E. Ma, M. Raidal, and U. Sarkar, Phys. Lett. B512, 373 (2001). 

[21] S. F. King, S. Moretti, and R. Nevzorov, Phys. Rev. D73, 035009 (2006); Phys. Lett. 
B634, 278 (2006). 

[22] E. Ma and U. Sarkar, Phys. Lett. B653, 288 (2007). 

[23] E. Ma and U. Sarkar, Phys. Rev. Lett. 80, 5716 (1998). 

[24] E. Ma, Phys. Rev. Lett. 86, 2502 (2001). 

[25] W. Grimus, L. Lavoura, and B. Radovcic, Phys. Lett. B674, 117 (2009). 



7 



